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Lecture #1: Hamiltonians, Density Operators, and Time Evolution

1. NMR Hamiltonians
1.1 Zeeman interaction
The largest interaction in NMR is the Zeeman interaction, which describes the preferential

alignment of the nuclear magnetic dipolar moment M = yhI along the magnetic field B, :

A

PAIO :—MEO :—'}/hiéo :—'}/hBOiz :hwolz

All nuclear spins of the same type (y) experience the same Zeeman interaction, irrespective of the
electronic environment around each individual spin. Therefore the Zeeman interaction does not contain
information on chemical structure. But the Zeeman interaction is so much larger than all internal nuclear
spin interactions that it defines the quantization axis for the local spin interactions.

1.2. Chemical shift interaction

Nuclear spins also experience smaller interactions in its local environments. The chemical shift
interaction arises from the shielding of the nuclear spins from the external magnetic field by the
surrounding electrons. Because of the electronic shielding, nuclei experience a weaker magnetic field.
Depending on the bonding, different nuclei have different electron densities around them, thus the
amount of shielding differs. This gives rise to different NMR frequencies.

In general, the electron density distribution around a nucleus is not spherical, so chemical shift
interaction is orientation-dependent (anisotropic), with some direction more shielded than others. In
isotropic solution, molecules undergo fast tumbling in all directions (isotropic), so the anisotropic
chemical shift is averaged to the same value, 0js(, for all directions.

The chemical shielding Hamiltonian is:

LF
XX ny Xz 0
H Eyhi‘g'éo =j/h( ix iy iz ) Oy Oy Oy 0
B
7 Gzy 0 0

Truncation of Hamiltonians

The chemical shift interaction is much weaker than the Zeeman interaction, i.e. 0;; < 1. Under
this condition, time-independent perturbation theory indicates that H s 18 truncated by the large
Zeeman interaction to give only spin operators that commute with H o - This means only spin operators

that commute with 7 . survive in the chemical shift interaction. These commuting terms include 1, 1 z

b

I -1, and their products.
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Truncation simplifies the full chemical shift Hamiltonian H s = YhB, (IAXG fZF +1 yGyLZF +1 ZGZLZF) to:

A

A =ynByl.of
Combining Zeeman interaction with the chemical shift interaction, we obtain

ﬁo +I§I£§)) = ha)o(l—oZLZF)f

Z

So the observed precession frequency is: @ = @, (1 - O'ZLZF ) .

1.3. Dipolar interaction

N

~ . ol 1 a2, 2 4. 2
General form: Hy=1' -D-I* =_&h2yﬂ/kr_3[3(” 'Ejk)(lk'éjk)_lj ‘Ik}

The scalar products lead to a lengthier expression:

sin@cos¢ sin@cos¢
Hp=-hop 3( o ig) sinBsing ( oI iz") sinBsin —(1){1,’§+1;1§+1g1§)
cos6 cos6

This Hamiltonian contains two-spin operators such as 1 ){ 1 )lf , 1 )J, 1 ;‘ , 1 z] I é‘ , 1 ){ 1 )]f , etc, with their

corresponding trigonometric terms.
To proceed further, we distinguish between heteronuclear and homonuclear dipolar coupling.

Heteronuclear I-S dipolar coupling: W, —0g>> 0,

Two spins with different gyromagnetic ratios have large sum and difference chemical shifts:

A A

Hy=ho,l,+hogS, =11, +a)5)(11+$‘z)+%h(a), —coS)(fz —§Z)

Here both @; = w¢ >> @, . So truncation will retain only with H p components that commute with
both iz +3‘Z and fz —S'Z .
It can be shown that the term /,.S, + 1,5, in the dipolar Hamiltonian does not commute with

the difference chemical shift / = S .- Only the /,S, term in the dipolar Hamiltonian remains after
truncation:

A 1
A% =-no, E(3cos2 6-1)-2L5,
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Note that the exact calculation of the truncated Hamiltonian cannot be made based on the above

argument, because while /,.S, and /.S, do not commute with I . §Z , combinations of /,.S, and
1,,S, can commute (see DQ and ZQ coherences later).

Homonuclear I-J dipolar coupling
For w; —w¢ ~wp and 0; —ws <@, we can neglect the chemical shift difference term and

approximate the total CS Hamiltonian as

A

Hy=in(o, +wj)(fz+fz)

So only the sum chemical shift can truncate the dipolar Hamiltonian. The result of this truncation is:

1.4. Quadrupolar interaction
Spin-1/2 nuclei only have magnetic dipole moments. Higher multipole moments, both magnetic
and electric, vanish, which can be proved using the Wigner-Eckert theorem.

Nuclei with spin quantum numbers [ =1 have an electric quadrupole moment Q, which, when
subject to an electric field gradient V, produces an interaction that is magnetic in nature. So the size
of the quadrupolar interaction depends both on the size of nuclear Q and the size of the electric field
gradient created by the electrons at the site of the nucleus.

Metal nuclei tend to have large quadrupole moments but small EFGs due to the symmetric
ionic environments, so their quadrupolar interaction is weak. In comparison, non-metal nuclei such as
N have small quadrupole moments Q but large EFGs due to the asymmetric covalent bonding (except
for cases such as NH,*).

The EFG tensor is defined as:

OE 02
=2 P2

= , (Oc, B=x, y,z) , where ¢ is the electric potential.
g ory, 8r5|

at nucleus

The EFG tensor is symmetric and traceless (V,, +V,, +V_ =0). We can define an asymmetry

V. -

parameter 7, = —~—2 just like the chemical shift asymmetry parameter. Then, the principal values
2z

of the EFG tensor can be re-written in terms of 7,:

Vxx:—eq(l—nQ)/Z, Vyyz—eq(1+nQ)/2, V,, =e-q (unit: Vim?)
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The full quadrupolar interaction H is: H 0= ﬁ I-v-I

Similar to chemical shift, when the quadrupole interaction is much smaller than the Zeeman
interaction, the latter truncates the quadrupolar interaction to first order. But the size of the quadrupolar
interaction is often larger than chemical shielding, so second-order terms are often included.

7~ WL [
Ho=~Hy' +Hp' +...

(Note the conventional quadrupole interaction order starts with 1, while the other spin-1/2 interactions
normally start with O for their truncated forms.)

The first-order quadrupolar interaction is:
(1)
@

g _ L eQ  rr(y52 N0 s X
Mo =5 01i-nn = (312 = 1(1+1)1)==Z(312 - 1(1+1)])

LF
where a)(l) = % .
21(21-1)n

The 2™ order quadrupolar interaction is scaled down from the 1* order term by the Larmor frequency:

So the higher the magnetic field, the smaller the second-order quadrupolar coupling.

2. Spin Density Operators

We can use the vector model and classical mechanics to explain:
e Larmor precession
e effects of single-spin interactions such as chemical shifts on magnetization
e effects of rf pulses on single-spin magnetization

However, we cannot use the vector model to explain:
e the effect of two-spin interactions on the magnetization,
e evolution of coupled spin states

We need to use the density operator/matrix formalism for this purpose. Density operator p combines the
quantum mechanics of a single spin with the statistical mechanics of an ensemble of spins.

2.1 Density operator defined

Most samples contain a statistical mixture of spins with different polarization states. The
magnetization is the sum of the individual magnetic dipole moments. A single spin-1/2 in a
superposition state of spin up and spin down can be expressed as:
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‘1//> = with basis states of ‘l//a>, l//b>

The expectation value of an operator is defined based on this pure state as:

Aaa Aab Ca

<A>E<W\A|W>=( Cy Ch ) A, A = CuCalaa + hChABD + CaChAab + ChCalpa
a

a“-aa
Cp

The products of coefficients such as cha correspond to the elements of a density operator p:

) Ca | o . CaCa CaCh
p=v)v]= (ca cp )= .
C

€b bCa  ChCh

. . o . . Ak A .
The density operator is Hermitian,i.e. p = p The expectation value of any operator can then be

written as the trace of the product between the density operator and the observable:
<;\> = Tr(f)A) = Tr(‘ v){(y| 12\)

For ensembles of spins with states |l//>l. with different coefficients ¢, ;, ¢, ;:

A1 Ca CaCp Paa  Pab
PE|V/><W1=ﬁZ|‘l’>,~<‘V‘i: aCa  Ca - aa  Pa
; ChCh CpCh Pba  Ppb

Density operator is a very useful construct because a mixture of spin system cannot be easily described
as state vectors (coefficients are all different).

The expectation value of a physical observable for a QM system that is a mixture can still be calculated
using the same formal equation, but with the density operator defined with the ensemble average bar:

(3)=1(o)

Once the spin density operator of the ensemble is known, one can predict the measurement result
(expectation value) of any physical observable, independent of the individual spin states.

2.2 Populations and coherences

The diagonal elements of the density operator are populations, since p,, = cac: gives the
ensemble-averaged probability of finding the system in state a.

Populations are real and positive, and for normalized spin states, p,, + pPpp =C,Cq T Cpcp =1,1.€.

Tr(p)=1. The difference in the populations corresponds to the net z magnetization.
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The off-diagonal elements of the density matrix are coherences between spin eigenstates.
Coherences are complex, and the two elements are complex conjugate of each other:

Pab =P, > 1.e. CqCp =|CpCla

The presence of non-zero coherence terms means there is transverse magnetization; moreover,
the polarization vectors of individual spins’ transverse dipole moment cannot all point to the same
direction.

2.3 Density operator at thermal equilibrium
At thermal equilibrium, the coherences are 0 and the populations obey the Boltzmann
distribution. So the diagonal elements of the density matrix are:

—he; | kT
Pl =
i Ze—hwi/kT

i
For most NMR experiments, hwi / kT << 1. Therefore, e /AT 1-he; /KT

~H/kT

I . A eq _ €
n operator terms: pt= 77
Tr (e_H kT )

The exponential operator can be Taylor-expanded as e_H/ K_q- k£T+ %[k%]z +

For typical magnetic field strengths of several Tesla, H =ha)oi . 18 very small compared to thermal
energy:

hwy, 400-10°.6.626-107>*

53 ~107 <<1 .
kT 1.38-10°-300

As long as T >> 1K, the above equation holds true, since the Boltzmann factor is only 10 to 10-3. So we
can safely consider only the first two terms of the Taylor series:

01 ], the density operator

The trace of the density operator is Tr (e_H/ kT) ~1+1=2.Since | .= %( é

can be expressed as the following matrix:
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1 1ho

pero| 2 4K
o L_lhw
2 4 kT

The unit operator is unaffected by any Hamiltonian, so we can focus on the reduced density operator:

A 1(hwy ~
eq _ = 0
preduced B Z( kT Iz)

2.4 NMR observables

In NMR, the only observables are single-quantum magnetization components:

(1) Tr(pl,)
y(i)=| (1) |=| 7(en)
(L) | | Tr(er)

This means that for there to be detectable magnetization, the density operator itself must contain terms

suchas p= cl o cl v cl . » so that the expectation values do not vanish. If p = ol . then

1o 1|01 |_c.[ 10
1)=Tr(pl)=cTr| - = _
(o) r(p)‘)cr{4(10110}4r[01

while <1y>=Tr(p1y)=cTrB((l) (1) IO E)i ]zin[é 0 -0 and (1.)=Tr(pI.)=0

NN oY

i

In other words,
p =cl, means that only (I,)#0,

p= cfy means that only <I >;t 0

<

and  p=cl . means that only (7_)#0

We can thus interpret p = cl ; as detectable magnetization along the i axis, without explicitly calculating

expectation values every time. All NMR experiments produce final density operators of this form, whose
associated frequencies encode structural and dynamical information.

2.5 Time evolution of the density operator under a Hamiltonian
The Schrodinger equation describes how a state evolves under an H:
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w:_%HW(I»

Multiplying the equivalent bra equation to both sides, we obtain the corresponding equation of motion
for the density operator:

PO i ()]

Note: Proof of von Neumann equation from the Schrodinger equation:

9 _ AN AV ) Ly iy sl
= (Hlw)(y|-ly)y|H)=—TH.p]

This von Neumann equation expresses time dependence in terms of an operator instead of states, and
is a manifestation of the Heisenberg picture of quantum mechanics.

If the Hamiltonian and the density operator commute, i.e. [I-AI ,ﬁ(t)}: 0, then p does not change with

time. For example, when the magnetization is along the z direction, p =1, , then it does not evolve
under the chemical shift interaction nor the dipolar interaction.

For time-independent Hamiltonians, the formal solution of the von Neumann equation is:

pl)=c"p(0)c"

where U (t)= ¢ ™M s called the propagator, as it propagates p in time. i.c.

p(1)=U(1)p(0)U™ (1)

As before, the exponential operator can be Taylor-expanded as:

A more useful form of the solution is to Taylor-expand the formal solution to obtain a series called the
Baker-Hausdoff series, which can be simplified considerably under certain conditions:



Prof. Mei Hong, MIT Adapted from MIT course 5.83: Advanced NMR Spectroscopy

p(t)= (1—th+%...})(0)[1+th +(1Z—t‘)zJ

O+[—th,p [zHr —ifit,p(0)]]+ 31![—in,[—in,][—th,p(0)]]+
=p(0) [ ]+ )M‘%[H’r2]+

If ry =[H,[H,p(0)]]= p(0)- ®” , then the series converges as 3 =1 -a)z,rS =n -a)z,r4 =5 -0

Under this condition,

p(1)= P(O)[H (ia)t)2 + (iwt)4 +...j+ i[H’p(O)][(iwt)l + (iwt)B + J

0] I! 3!

i[H.p(0)]

(0]

p(t)=p(0)coswr— sin @t

Where o is the proportionality constant in 7, = p(0)- w?.

Note that the coefficients in front of the sine function are such that the imaginary i will disappear,
because the commutator always contains an i, and the denominator will also disappear because the
commutator contains the same frequency.

3. Application of the von Neumann equation to simple NMR experiments

3.1 Larmor precession and chemical shift evolution:
Let p(0)=1,, which can be created by a 90° pulse along y. Consider the Hamiltonian

—iHt iHt —iwyl t iwyl,t
e .Ix.e =e OZ.Ix. 0

H =y, . The formal solution of p(t) is p(t)= . More usefully,

LH.p(0))=[on1.1 ] =i,
[H,[H,p(o)]]:[a)olz ,icooly]: gl = a)%p(O)

So the r, = p(0)- ®” condition is met. Therefore,

i-ia)oly ] 3 )
sinwot =1, cosmyt + 1, sinwgt

p(t)=1,cosmyt - o0

This equation describes precession of the X magnetization in the transverse plane around the z axis.

3.2 Heteronuclear dipolar or J coupling
Let S be the observed spin and I the coupled spin. Consider an isolated I-S spin system.

9
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Initially, we apply a 90° pulse on the S channel: p(0)=asS, +bI,, where a and b differ due to the

Boltzmann factor for spins with different gyromagnetic ratios

The truncated heteronuclear dipolar Hamiltonian is H ;g =2w,1,S,

Since I, commutes with I, S,, I spin does not change with time.
[H.p(0)]=[20,1.S..aS, | = 2aw,1. [S. .S, | = 2aiw,1_S,

[H.[H.p(0)]]=] 20,18, 2aiw,1.S, |= 4iaw]I?[ S, .S, | = 4iw] %(—i)Sx = w3(as,)

So the cyclic condition is satisfied with a proportionality constant of @, , and the Baker-Hausdoff
series converges to
i[H.p(0)]

@
i2aio,1.S,

p(t)=p(0)coswrt — sin@t

=bl_ +aS, cosw,t - sinw,t  =bl +aS,cosw,t+2al S, sinw,t

W,

So the S-spin signal is modulated by cos®,? , and should show two peaks symmetric with respect to
the O frequency.

3.3 Quadrature detection of NMR signals

In NMR, quadrature detection means detecting <I +> = <I il y> , where the raising operator in matrix
form is =l 0 g0 =i ol

21 0 21 O 0 0
Since (4)=Tr(pA), (I")=Tr(pI").

Take p(t)=1,cosmyt+1,sinwyt . Then the density operator at time  is:

. —iwyt
p(t) _1p o1 cosa)ot+l O ! sin @t _1 .0 e "
1 0 2l i 0 2| Jot

The expectation value of the quadrature detected spin operator is:

= l Tr O O — l eiw()t
2 O elwot 2

(r)=m 0 e o

10
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So the detected signal is f ()= %(cos wot +isinwyt) for p(t)=1,cosmyt+1,sinwyt . Detection is

equivalent to picking out the spatial part of the density operator. The factor of /2 comes from the spin-
1/2 of the operator.

3.4 Hahn Echo
I spin: 90°x —t— 180y —t - detect

’ H=w,;I,t . 180° I, .
p(0)e<1, I, s I cos oyt — 1 sinwt ———— 1 coswt + 1, sinw;t

H=w;I, . . .
—’Z—>Iy cos? @t =1, cosw,tsinw;t+ 1, sinw,;rcosw;t+1, sin’ ot

:[y

If we change the 180° pulse phase to x: 90°x —t—180°x —t - detect

. 180° 1 .
I, cost—1I sinwjt—————I,cosw;t -1, sinwt

H=w;I ,t . . .
o -1, cos? w;t+1cosw tsinw;t—1,sinw tcosw,r—1, sin’ w;t=-I,

The direction of the M is inverted. This is the basis of the exorcycle phase cycling that we discussed
before.

Commuting operators
In general, operator products depend on the direction of multiplication. This property differs from
products of scalar quantities.

The commutator between two operators is defined as: I:A,é ] = Aé - EA
Two operators A and B commute if and only if [A,é]= 0,ie. AB=BA .

Two operators do not commute if [A,B];ﬁ 0.

Pauli matrices
For spin-1/2, three Pauli matrices, corresponding to the three orthogonal directions of the spin
operator, can be defined:

s 1[0 1 1o =i |5 _1f1 0 s2_s52_5_1[1 0 |_1;
I,== == == I;=I;=I=- =—1
xz(lojyz(io]zz(O—lj"y2401 4

11

>
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(1.0, )=il, [0, =i, [1,.0,]=i,
Two-spin operators

Products of two spin operators are tensor products that increase the dimensionality of the
matrices from 2 to 4 for two spin-1/2 systems.

00 0 —i
s~ 110 1 0 = |_ 1] 0 0 — 0
©& oy 4(10}@(10)_401'00
i 0 0 0

00 0 1
Ai:l(01j®[o1jzloo1o
o401 00 1 0) 4 01 0 0

1 000

1 0 0 0

i 1(1()}@[10}_10—100
Y40 0 -1 0 -1 ) 4 0 0 -10

0 0 0 1

These matrices allow us to calculate the commutator of two-spin product operators.

00011 0 00 1 0 0 0[O0 O0O0O:1

7786687700100~ 000~ 00]0O0T1O0

v sl 01 00 [0 0 -10 0 0 -1 00100
100010 0 0 1 00 0 1)11000

0 0 0 1 0 0 0 1

{00 10 ][]0 0 -1O0|,

0 -1 0 0 0 -1 0 0

1 0 0 0 1 0 0 0

So[ 7.8, 1.8.]=0

Z

What about the commutator between /.S, and the sum spin operator, / ;T S - ! The latter is important

because the combined chemical shift and Zeeman interaction of two spins is 1, + S .

12
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P+8,=@1r1@8, =2 1 0 lg) 1 0L L1 0 g 10
210 -1 0 1 210 1 0 -1
1 0 0 O 1 0 0 O 1 0 0 O
=l 0O -1 0 O L1 O 1 0 O _ 0O 0 0 O
210 0 1 O 21 0 0 -1 O 0O 0 0 O
0O 0 0 -1 0O 0 0 -1 0 0 0 -1
0 0 0 1 1 0 0 O 1 0 0 O 0O 0 0 1
AA A A Il 0 01 0 0O 0 0 O I 0 0 0 O 0 010
(1,8, I.+8,]=— ——
41 0 1 0 O 0O 0 0 O 41 0 0 0 O 01 00
So 1 0 0O 0 0 0 -1 0O 0 0 -1 1 0 0O
’ 00 0 -1
_ 0O 01 O £0
01 0 O
1 0 0 O
We can summarize the following two-spin operators:
0O 0 0 1 0O 0 0 -1 1 0 0 O
A A 110 0 1 0 Aa I 0 01 O ~a 110 -1 0 O
S, =— 1S, =— , 1,5, =—
Y4101 00 Vo400 10 0 Y400 0 -1 0
1 0 0O -1 0 0 O 0O 0 0 1
Other notable matrices are:
1 0 0 O 1 0 0 O
fz+3'Z= 0O 00 O ,i-S':l 0 -1 2 0
0O 0 0 O 41 0 2 -1 O
0O 0 0 -1 0O 0 0 -1

In general, a single product operator of two spins with double-transverse components does not
commute with / z +S . - However, combinations of two product operators can commute. The

commutation of two-spin product operators can be cast in the fictitious spin-1/2 framework to facilitate
the calculation of the time evolution of coherences under double-quantum and zero-quantum
Hamiltonians.

13
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Lectures #2: Average Hamiltonian Theory

Average Hamiltonian theory (AHT), developed by Waugh and Haeberlen in 1968, is a mathematical
formalism for analyzing how pulse sequences affect internal spin interactions. AHT is particularly
useful in the derivation and analysis of pulse sequences that consist of a block of rf pulses repeated
many times. This is the situation that arises in many homonuclear decoupling and dipolar recoupling
experiments.

AHT depends on changing the picture in which we view the evolution of the spin system from the
usual rotating frame of the Zeeman interaction to a new frame of reference in which the rf pulses no

longer appear directly. Instead, the rf pulses cause additional time dependences in the local fields (Hb,
Hcsa, and Hes). This new frame is called the interaction representation of the rf Hamiltonian.

1. Interaction frame
1.1 Interaction frame of the Zeeman interaction: the rotating frame

We have already discussed an interaction frame extensively before: the rotating frame is the interaction
frame of the Zeeman interaction.

Larmor precession in the laboratory frame is mathematically represented as:
_ —iHut +iHqy  —iwgl t iwnl .t
p(t)=e "' p(0)e™ 0" =0 p(0) 0 (1)

The transition to a frame rotating at @y = w , where the magnetization appears static, is equivalent to
a sign-reversed exponential operator rotation:

iogl 1 —iwgl t

pr(t)=e p(t)-e )

Eq. 2 differs from Eq. 1 in that the central operator is p(t) rather than p(0), and the sign of the
exponential operator is opposite.

Eq. 2 describes the density operator in the interaction frame of the Zeeman Hamiltonian.

Combining Eq. 1 and 2, we find the time evolution of the rotating-frame density operator as:
_ i(wg—m)1 1t 0 —i(wp—0y )1t
Pr(1)=e p(0)-e 3)

This shows that the offset wy —wgp governs the evolution of M in the rotating frame.

1.2 General definition of the interaction representation and truncation
In general, for a Hamiltonian consisting of a large Hy and a small H,, H = Hy+ H, H, can be

transformed into the interaction frame of H, according to

14



Prof. Mei Hong, MIT Adapted from MIT course 5.83: Advanced NMR Spectroscopy
7 _ IHt —iHyt
Hi (l ) =e H 1€ 4)

The density operator is transformed into the interaction frame of H, as:

p(t)EelHOtp(t)e—lHOt 5)
In this Hy interaction frame, the equation of motion is similar to the von Neumann eqn:
dp [~ -
L i . p] (©6)

dt

The components of H, that do not commute with H, appear as time-dependent, A 1(¢) .- If Hy>>Hy,

then the time oscillations due to Hy are much faster than the time dependence of H; itself. Then, the
effects of these non-commuting terms are averaged to 0. The time-averaged H; in the interaction
representation is therefore:

7O i —iH
H) =" e Mo )
which is again time independent.

Eq. (7) is the definition of truncation of H, by H,. The time averaging retains only parts of H; that
commute with Hy. (We will see below that truncation is basically first-order average Hamiltonian
theory).

—=0
In the interaction representation, the density operator evolves under H1 according to:

plr) ="M p(0)e ", ®)

Eventually, we want to know the density operator in the laboratory frame. Since

p(t):eiHotp(t)e—iHOt , p(t)ze—iHot;)(t)eiHot , (9)

we find:

_i( Ho+H1 jt )ei(HoJrﬁ? )z (10)

. .TO ~ .TO .
p(t):e—zHOt|:e—zH1tp(O)ezH1t:|ezH0t —e p(()

Back in the laboratory frame, we know that the normal solution to the von Neumann equation is:

p(t) _ e—i(H0+H1)tp(o)ei(H0+H1)t , 11

15
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Comparing Eq. 10 and 11, we see that the transformation to the interaction frame amounts to replacing
H, by its first-order time average:
—=0
—i( Hy+H) )r

e—i(HO+H1)t _

(12)

1.3 Interaction frame of the rf Hamiltonian H,;
The interaction frame is a very useful tool for calculating the effective local fields under rf
pulses. When these rf pulses are stronger than the local spin Hamiltonians, @y >> @y ;s j; , we can

transform the local spin Hamiltonians into the interaction frame of the rf pulses.

For a Hamiltonian consisting of a H,¢ =l =—YB;l, whichis larger than H,, H=H +H,,

H, is transformed into the interaction frame of H of according to

JHit gy il

H,()=¢"""H, (13)

The effect of the pulses is to rotate the nuclear spin interaction, similar to the von Neumann equation
for density operators, except for a sign change of the exponent.

. —iH ct . ..
We can designate the propagator of the rf pulse as P=e 7" In the literature, this is more
commonly written as the evolution operator U, . Then eq. 13 can be rewritten as

H\(t)=P"H|-P or=Uy -H, Uy (14)
We are interested in the average H, in the interaction representation of the rf pulses (cf eq 7):

=(0) 1'% -
Hy == e ar (15)

I, 0
This averaging requires that the rf pulse sequence is periodic over a cycle time ¢,.

For multi-pulse sequences, we can determine the interaction-frame spin Hamiltonians visually by
toggling the frame of the internal Hamiltonians (see KSR/Spiess Chapter 3):

1) Flip the interaction frame with the pulses in the rotating frame (left hand rule) around the axis

of the pulse,
2) the axis of the interaction representation coordinate system that is parallel to the z-axis of the

rotating frame is the direction of FIJI .

3) Sum all the Hvl directions for all periods to obtain the average Hamiltonian.
The density operator is similarly transformed into the interaction frame of H . :
p(1)= eiH,fzp(t)e—iH,fz _ Ur}l p(1)-Uy (16)
In this interaction frame, the equation of motion is
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dﬁ [—N N}
——=—i| H{, 17
dr Uy, p (17)

which allows us to calculate p(t) in the interaction frame just like in the lab frame. But similar to our
truncation description, one cannot “go into” the interaction frame without knowing how to “come
back” to the lab frame. We must write down the entire density operator equality as:

—iJ:dt'(HﬁH,f) J di\(Hy+H,;)

p(t)=U-p(0)-U " =Te -p(0)-Te % (18a)
_l'Hr —i tdl'ﬁ] i tdl" ZH, ~ ~—1 _
=Te "' Te {0 -p(0)-Te Jar® " =U, U1-p(0)-U1 U (18b)
Uy(1) () U ,f( 1)
Here T is the Dyson time-ordering operator, and
Hi=U} H Uy=e"" H "' (19)
Using the equality etePeC = exp(eA ‘B ec) , Eq. 18b can be proved as:
p(t)=UU,-p(0)-U, U =U,U;/UU, p(0) U, U'U,U,
%,_/ %/_/
: ‘ (20)
—i| dr'H, i| dar'H) -
:U’fe 0 p(O)e 0 U}’f

—iH st

For cyclic sequences, U, (t.)=Te =1. Therefore, for calculating the average Hamiltonian over

the cycle time, the rf term can be removed from Eq. 18.
We replace the time integral of Hi by an effective Hamiltonian Hi

—lJ. dt' H1 ijtdt'ﬁl

-1
p(1)=U,y Te p(O):-Te 0 Uy @10
:Urf e lH e ‘p(O)'eiHltc U,:_fl
where ﬁl is equal to an infinite series called the Magnus expansion:

i em Tty 22)

= t—J.OC dtlﬁ 1 the 1*-order term is the simple average in Eq. 7 and Eq. 15
C

+_thcdtlrl[fivl t),H, (t )]dtz
1Jtld 2] {[ [ 1(12), H1(f3)]}+[i1v1(f3)’[ilvl(f2)’ilvl(fl)ﬂ}d%

17
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The higher-order terms in the effective Hamiltonian are relevant when the time tau between
pulses are not negligible compared to the inverse of the interaction strength. These higher-order terms
are the reasons for the different performances of various multiple-pulse decoupling and dipolar
recoupling sequences.

The sign of rotation in the AHT and interaction representation
The exponential operators in the time evolution of the density operator

p(t) — e—thp(O)eth — Up(O)U—l
have the opposite sign from the sign in the interaction transformation

t

Hi=""me M =unu,, .

This means that the rotation happens with the opposite sign from the p evolution, and the order
of the pulses in a sequence is multiplied onto H; in a reversed fashion.

Summary of the AHT

When
1) the rf pulse sequence and the internal spin interactions are periodic over a cycle time tc, and
2) the net rotation produced by the rf block is zero, U s (tc) =7e M’ = ,

then we can apply the AHT to convert the problem of finding the propagator U(t) for the entire

sequence to the problem of finding the interaction-frame propagator U (tc) = ¢ 'Hile , where the rf

pulses have been transformed away.

Once we can calculate the effective Hamiltonian FII , which is usually done at the first-order term,

=—(0)
H, ,then we can calculate the time evolution of the density operator.

2. Using AHT to analyze simple NMR experiments
2.1 Chemical shift interaction under a spin lock pulse along x
H

s = Ol 7, Hrf =y,

Transform into the interaction frame of the rf pulse:

H,(1)= ezwllxtwcslze—zwllxt =W, (IZ cos@it +1,sin a)lt) )

So the average CS interaction is:

18
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) 1 t . w I,
H. =—0 p(lzcosa)lt+1 sma)lt)dt —C(I sinwt -1, coswlt)‘
t 012 Y w;t 0
p 'p
2r -
When 7, =—, H.=0.
|
When ¢, —co, H, —0

You can show the same result by sketching the direction of the interaction-frame Hamiltonian as
toggled by the rf pulses.

2.2 Heteronuclear decoupling by continuous irradiation

The heteronuclear dipolar coupling is H ;g =w,1,S, . We consider the effect of continuous rf
pulse H,¢ = ;I on the I channel on the S-spin signals. Since the continuous I-pulse affects only the
I-spin operator, we obtain:

(OF] 4

= 1 ty . . p
Hg= t_wd-[O (IZ coswit+1, smcolt)SZ dt = —SZ(IZ sinwt -1, cosa)lt)o
P Oitp

=0.

Thus heteronuclear coupling is removed by continuous rotation of the I-spin operator by the pulses.

2.3 Homonuclear dipolar interaction under spin lock

Here we apply a continuous irradiation along the same direction as the magnetization after an initial
90° pulse. For example, 90°-y — spin lock x.

The homonuclear interaction is Hj; =, (31,J,—1-J). We can use the notation H_, , to indicate that

x°’
the spin operator direction is along z.

Hy :&r"[B(IZ coswt+1, sincolt)(JZ cosit+J,, sincolt)—l-J}dt
wdj [ (IJ oS a)lt+1 J smzwlt-i—(lzjy+IyJZ)coswltsina)lt)—I-J}dt
wdj { (r.0,+1,7,)- I-J}dr:wd{g(l-J—Ixe)—I-J}

1
—0y ( ) __Hxx
2

l\JI»—‘

So the average homonuclear dipolar Hamiltonian is half the size of the lab-frame homonuclear
coupling and opposite in sign.
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Magic zero: (31— 1-0)+ (31,0 = 1-J)+ (310, —1-7)=0

Since after the 90° pulse the magnetization is along x, p(0) =1, , the magnetization does not evolve

under the effective homonuclear coupling H,, (they commute).

2.4 Cross polarization: heteronuclear dipolar interaction under double spin lock

The condition of CP is that @, ; = ®; g (Hartman-Hahn matching).

~ 20, ot . .
Hg= t_djop [(IZ coswy jt+1, sma)l’lt)(SZ cosw; gt +S,, sma)l,lstﬂdt
p
®,/=01 5
- 20y Jtp
t 0

[(IZSZ cos? o1t +1,S, sin’ wt+ (IZSy +1,S; )cos Wt sin a)ltﬂdt

= 2ﬂ%(1ZSZ +IySy)tp = wd(IzSz +IySy)

When the Hartman-Hahn matching condition is satisfied, the interaction frames of the I and S spins
precess synchronously, giving a non-zero heteronuclear dipolar Hamiltonian.

The important thing now is to analyze the density operator evolution.

p(0)=1,. We want to write this in a more meaningful way to facilitate calculation.

p(O)z%(Ix+Sx)+%(1x—Sx)=pz(0)+pA(O).

| A15.p(0) |[=04[ 1S, + 1,8y, I |=w,i(1,5.~ 1.5,

Double commutator:

= (5 2. o0f o 1 1. .. .1
| s Fis.p(0)] |= 03[ 1.5, +1,5,.1,5. - 1.5, ]= a)dz(—zlx Tt SetgiScmilig

1
zawé(lx_sx)‘pr(O)

So the difference part of the initial density operator will evolve under the average Hamiltonian,
P2 (1)= P2 (0)coswy,t + (IySZ - IZSy)cos Wyt .

Combining with the sum part, we obtain:
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p(1) :%(IX+SX)+%(IX —Sx)czoswdt+(1y5Z —IZSy)cosa)dt

1 1 .
= Elx (1+cosa)dt)+§Sx (1—coscodt)+(lySZ —IZSy)cosa)dt

invisible

How does CP enhance sensitivity?

Because the initial density operator has the Boltzmann factor of the I spin, p(0)= %I » - This factor

Y1Bo
kT

is now transferred to the S spin, p(7)=...+ Sy (1 - coswdt)....

It turns out that difference operators such as /, — S, are in the zero-quantum space, while sum
operators such as (1, +S,) live in the double-quantum space. The CP average Hamiltonian,

1,5, +1,S,, also belongs to the zero-quantum space, hence the evolution of the difference density
operator under the CP Hamiltonian. In general, spin operators in the double-quantum space always
commute with spin operators in the zero-quantum space, which means there is no evolution.

Bottom line: CP is a zero-quantum (ZQ) process.

The ZQ and DQ operators are defined as linear superpositions of the ladder operators. Zero quantum
means one spin up and the other spin down, or double-quantum means both spins up or down together.
The commutation properties of these two-spin operators can be more easily remembered, by defining
fictitious spin-1/2 operators as the following:

4.5 Fictitious spin-1/2 operators

Zero-quantum space:

(23) _ 1 (4o, 7—ct) 23)_ (4o =) 3 23)_1/,
g _2(1 STHIST)= 1,8, + 1,8, 1 _Zi(l ST=17S)=1,8, - 1,8, 1, =2(1,-5,)

Double-quantum space:

14_1++ + ot 14_1 + ot -\ _ 14_1
Ji$ )=5(1 STHITST)= 1,8, - 1,8, 1 )=2—i(1 ST=I7ST)= 1,8+ 1S, , 1 )=E(IZ+SZ)

In the literature, these fictitious spin operators are sometimes denoted as I)(CO) , IfQ , Or I)(CZ) 1 xD 2 etc.

It is usually clear from the context which space we are in.

The fictitious spin-1/2 operators follow the same formal commutation properties as single-spin
operators, i.e.

23) and their cyclic permutations

[1 23),](23)}21.1

[I 94) v §14) } =il x14) and their cyclic permutations

E
(
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Importantly, operators in different spaces always commute: [I )(CO) i §2) }: 0, etc.
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Lectures #3: Understanding Dipolar Decoupling and Recoupling

1. Homonuclear Decoupling

The average Hamiltonian theory was developed initially to understand multiple pulse decoupling
sequences. Here rf pulses intersperse with free evolution periods, and one would like to decouple
homonuclear dipolar couplings while retaining chemical shift interaction.

1.1 The WAHUHA -4 sequence:
[7-90"_,—1-90",~7-7—-90"_,~T-90",~7 |

n

90 90 a0 a0
X y -y x

We assume very short (and very hard) pulses and short delays tau. If the pulse length is not negligible
(finite pulse length), then the central window with two tau periods should be 2 x tau + to:.

The density operator at the end of one cycle of this pulse sequence is:

p(1g+67)=U(67)p (1)U (67)

where the propagator U is:

U(6t)=L, P, L, P, L.L P,L P, L,

Here the free evolution operator L, is:

[ = iHt :e_i(HCS+HIS,z+HII,Z)t

Z o

and the rf pulse propagator is:
P, = ¢ Hipal

Since H,r gy =-YBly , We obtain

For 90° pulses, using the sign convention that y Bt = -t = %
We obtain Py=e2".
A pulse of flip angle ¢ rotates the Z Hamiltonian to a different direction based on the left hand rule.

This principle is based on the following equation:
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oo pmiH:t y=i0l, _ exp( e (~iH 1) & ¥ )

Therefore, rotation of an exponential operator is the same as the exponential of the rotation of the
operator itself.

Applying the above equation, for example, we obtain:

1 iEl il T i I AL ) N
PLP =e?Ye e 2 =exple? (—iH T)-e 2" —exp(—zHyT)—Ly

This means that the pulses act on the free-evolution-period’s local Hamiltonian the same way that the
pulses act on the spin density operators, except for a sign reversal.

With this principle, we can simplify the propagator U(67) by inserting unit operators 1=F,, lPa to
rotate the free-evolution operators. Doing this several times eventually shift all the pulse propagators
together, separate from the free-evolution operators.

U(6t)=L, P, L, P, L.L P,L P, L,

—yi=y —x'—x

—L.L, P L P, L PL P,
= LLyLLy PPy Lo (PP )Ly PP,

-1 -1 -1 -1
=L, P L(P' PPy LL (PP Py L (PR Py L (PP

TTyTx —yr-y
-1
= LLyLLy Py Loy Py PP =L L L L P, L(P;'P)L P PP,
-1
= LLyLLiL, P, Ly PL\PP = LLLLL, P L (P PP PP,
= L.L,L,L.L,. PP PP,

With the 4 pulse propagators together, and with the phases of the 4 pulses canceling each other, the
combined effect of the 4 pulses is null:

2 L] X iE] X
eIZLyelzIy elzl_x _ elzlxelzl_x —1
%/_/

1

izl
PP PP =c"

So WAHUHA -4 is a cyclic sequence.

Then

—i —iH,T — —i —iH,T —j
U(6t)=L,L,L,L,L,L =e tH T g T it il T 7T il T

In the limit of short T (compared to the inverse of the coupling), we can Taylor-expand the
exponentials and obtain

U(67)=1-i(H, +Hy+2H + Hy+ H )t = 767

where H=(H +H,+2H +H,+H_)/6=(H +H,+H)/3
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Ingeneral, Hy=Hcgo+Hgq+Hyo=011,+051,S +0y(31,1,-1-1),

Therefore, ﬁz(HZ+Hy+Hx)/3

1 1
~ ga),(lz +Io+1)+..(IS terms)+§wn[(3lzlz —1-1)+ (310 = 1-1)+(31,1,~1-1)]

magic zero

1
= gwl(lz +1, +Iy)+(IS terms)+0

So the average Hamiltonian of the WAHUHA-4 sequence is:

1 2 a
H-6T:§a)1(lz + 1 +1,)-67+(IS terms)- 67 =w - I 6T+ wyy IS, 67

1 1
where the effective chemical shift frequency is: @,z = %a)l 1 oy %

{&l-

—h

scaling factor

So WAHUHA -4 has a scaling factor of 0.577 = 1/ /3 for both chemical shift and heteronuclear

dipolar coupling, and the effective field points along the (1 1 1) diagonal of the cube. We can use
WAHUHA-4 and analogous sequences in the DIPSHIFT family of experiments to measure
heteronuclear dipolar couplings, with the couplings scaled down by the corresponding factor.

The propagator algebra can be schematically represented using a toggling frame approach:
1) flip the interaction frame (the coordinate system) around the axis of the pulses in the rotating frame

(left hand rule).
2) the axis of the interaction frame coordinate system that is parallel to the z-axis of the rotating frame

is the H|’s spin operator direction.

3) sum up all the H i directions to obtain the average Hamiltonian.

For WAHUHA, the toggling frame directions are:

90 90 90 90

1
[ T T T T T 1
X X y z
z y y y
Left hand —-> | ; | ;
y z z z z y
X X X X
So the interaction frame Hamiltonian directions are:
ZJ y) X ’ X ’ y) Z
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In the rf pulse interaction frame, the effect of the pulses are transformed away. The above result is fully
equivalent to the algebra that gave U (61’) =L LL.L.LL

gyt ytg -

(Verify that this left-hand toggling frame math is equivalent to right-hand rotations in the interaction
representation.)

1.2 MREV-8:
MREV-8 is a concatenation of the WHH-4 sequence, with phase inversion of the outer two pulses:

[r -90"_,-7-90°y-7-7-90"_,-7-90", -7 -7-90",-7-90"_ ;-7 -7-90°, -7 -90"_ -7 }

n

90, 90,

Ll

e,

90, 90, 90, 90, 90,
T

{THTHTIT HTHT

It can be shown that the MREV-8 effective frequency is: w,q = o —| 0
3 V2
— 1
scaling
factor

V2

So the scaling factor is 0.47 = 3

, and the effective field points along the diagonal of the xz plane.

2. Quadrupolar Echo (called solid echo for dipolar coupled spin pairs)
90" —7-90°,—7
90 90
X y

[

The quadrupolar Hamiltonian is: H, ,=0, (31 Zz -1-1 )
The initial 90° pulse creates p(O) =1,.

The propagator of the quad echo sequence is:

U(27)= o iHeQT 51, ST _ il ot 51, —iH T (e—zglyezgly )

_ e—ia)Q(3112—1-1)re—in(31f—1~1)Tei%Iy

_ —in(31§—1~1)re—in(313.—11)1] ein(313—1.1)161%(313—11)1

=e
y
—i LIt —i 2_J. i ity i 211V i 2_1.
p(27)=U(27)p(0)U ' (27)=¢ 0o (312 ”)Te (317 Il)re 21}'Iye 21yer(31X 11)76%(31‘ )
%V—J

commute
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To combine the exponents of the product, the two exponents must commute. For spin 1/2 and spin-1

nuclei, the commutation [I 22 v f } =0 can be proven easily (also QE also works for half-integer nuclei):

1 1 0 1 1
For spin-1, I, = 0 Iy=—7=| 1 0 1 |\ Iy=—F4 i 0 —i
-1 V2 1 0 V2 i 0
The squares of the first two operators are:
1 1 1 1
=] o ,1)%:5 2
1 1 1
1 1 1 1 1
1 1
e I
1 1 1 1 1
N 1 1 1 1 1 1 5 5
lez E 2 0 :5 SO|:IZ’IX:|:O
1 1 1 1 1

Under this commutation condition,

P (21):e—in(31§_1.1+31§—1-1)rI ein(31§_1.z+313_1.1)r _ eiwg(glg_l.,)fl e—in(3I§—1~1)T
Y y

where we invoke the magic zero: (3Iy2—l-l)+(3lz2 —I-I)+(3I)% —I-I):O

Since [313 -1-1, IyJ=0 , we obtain p(27)= I, = p(0).—> an echo forms.

As long as the second 90° pulse is along the magnetization direction (-y will work), we will obtain an
echo.

3. Heteronuclear dipolar recoupling under MAS by & pulses - REDOR
This is the first MAS recoupling sequence we analyze. The basic pulse sequence module is:

t./2—180° —t,/2
180

L

0 t

r
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| 1712
_’J Hys(t)dt ;o =i | "7 Hs(t)dt
The propagatoriss  U=L.P.L.=e """ o Tk j0 is(7) _

We know that MAS averages the dipolar coupling, i.e.

|t
e—z IO H (t)dt _

Ir
I, or JO Hg(t)dt=0.
t, t, t.12 t.12
Thus, Jtr/ZHIS(t)dt:JO HIS(t)dt—J‘O HIS(t)dt:_JO HIS(t)dt

Since MAS affects the spatial part of the Hamiltonian, we can write the integral of the Hamiltonian in
terms of a dipolar phase ¢:

t./2 t./2
JO H g (t)dt = jo o ()21, dt =@, 215, ,

112
where ¢, » = 0 o (t)dt

time

Then U — ei¢tr/22IzSz e_iﬂ:lx e_i¢tr/22IzSz ,

P(tr) — Up(O)U_l — ei¢212SZe—inIXe—i¢2lezp(O)U—l

_ 922 il 02LS. | 1yl _ JOLS: i =921 (emlx il ) 1!

_ 9218 JO2S: iml g il mO021S: mIO2LS: _ 20208 p ~I202LS, o009 1,8, sin29
%,—/
commute

If we repeat the exact sequence, but use x and y pulses:
t,/2-180° ~t,/2~1,/2~180° ,~1, /2

180, 180,

.

0 t 2t

Then:

p(21,)= 2025:¢ ™ p (1, U = 20215267 (1 cos 29~ 21,5, sin29)U!

= (/20215 (—Ix cos2¢—21,S, sin 2¢)€_i2¢21282
=1, cos” 20+21,S, cos2¢sin2¢ — 21,8, sin2¢cos2¢— I, sin*2¢  =—1,=—p(0)

X
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At the end of two rotor periods, the density operator reverts to the initial condition. So we created an
echo, without any net dipolar recoupling! This is because the sign of the dipolar phase in the second
rotor period cancels that of the first rotor period.

To accumulate the dipolar phase and recouple, we need to add a 180° pulse at the end of the first rotor
period, i.e. apply m pulses every half rotor period:

1,/2-180°,~1,/2~180° ~1, /2~ 180°,~1, /2

180, 180, 180,

HHH

Then, at the end of the first rotor period, before the second & pulse, we have

p(t,_)=1,cos2¢—21,S,sin2¢
Right after the second = pulse,
p(ty4)=—1,cos2¢—21,S, sin2¢
Then, the second rotor period imposes the following propagator onto the density operator:
p(2t, ) = 120215 il ( I,cos2¢—21,S, sin 2¢))e_"’”xe_iz‘pzlzsZ
= ¢/ 29215 (—Ix cos2¢+21,S, sin 2¢) ¢ 20215
=—1,cos2¢cos2¢+21,S, cos2¢sin2¢+21 S, sin2¢cos2¢+ I sin2¢sin2¢
=—1, (cos2 20— sin’ Zq)) +21,S sind¢p=—1,cos4p+21,S sin4¢
So now the dipolar phase is accumulated over 2 rotor periods, rather than being canceled.
The general trend is that for n rotor periods of 2n x w pulses that are spaced half a rotor period apart,
p(ntr) =—I,cos2np—21,S, sin2n¢

1,12
where ¢, —j w5 (t)dr .

However, if we use this sequence, we also recouple the I-spin chemical shift anisotropy, with
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t./2
Pesa =), @ (t)dr .
To prevent recoupling of I-spin CSA, we move one I spin © pulse, the one in the middle of the whole
pulse train, to the S-spin channel. For IS dipolar coupling, it doesn’t matter which channel has the n
pulse, as long as there are two 7 pulses per rotor period on the two channels. But by moving the central

7 pulse to the S channel, we refocus the S chemical shift evolution, prevent the I-spin CSA recoupling,
and retain the IS dipolar recoupling.

180 180_ 180, 180_ 180,

S | S .|
180, | 180, 180, | 180, | 180, | 180, !
I MIE ol ]
; : 3 : e : ” )

_‘
-
-
—
~

4. Phase-Alternating Composite Pulses

So far we applied AHT to either 1) constant-phase continuous-irradiation sequences, where the
expression for the interaction-representation spin interactions is sinusoidal oscillation, or 2) delta-
function windowed pulse sequences, where evolution periods alternate with pulses. For the latter we
used the pictorial toggling frame approach and the unit-operator-insertion propagator approach
to determine the average H.

But for phase-alternating windowless pulse sequences, the above algebra does not suffice, and a more
formal and complete way of calculating the interaction-representation Hamiltonian is necessary. An
example is the composite pulse,

90, 270, 90,

X y X

which achieves broadband population inversion (i.e. inversion of z-magnetization under resonance
offset). See Tycko, Phys Rev Lett, 51 775-777, 1983.

To show that the resonance offset (i.e. chemical shift) Hamiltonian is averaged to O to first order, we
need to calculate the chemical shift Hamiltonian in the interaction frame of the three successive pulses.
Although this sounds the same as what we did for WAHUHA, the fact that the pulses are not delta-
function pulses and chemical shift evolution is simultaneous to the pulses calls for a slightly different
algebra.

Let's write the propagator for a hypothetical pulse-delay-pulse-delay sequence, and insert the unit
operators as before, but in a more suggestive way. The propagator is:
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U(Z‘L’) = LZPZLZPI = (PZPZ_I)LZP2 (PIPI_I)LZPI
-» (AR )P'LRA(ATLA) (1)
-pA- (R'R'LPR) - (F'LA)

%K_J
int rep of the 2nd pulse int rep of the 1st pulse

So to calculate the interaction representation Hamiltonian under several pulses, we rotate the spin
interaction by the pulse immediately before the delay or simultaneous to the spin interaction, and then
rotate the interaction by the pulse before that. The order of rotation is the last pulse first and first pulse
last, and the sense of rotation is the right hand (verify).

For the WAHUHA-4 sequence, the interaction representation Hamiltonians are

[7-90°_, - 7 —90°, —T-7— 90°_, —7— 90°, - 7 ]

y n
HZ
1st pulse H )
2nd pulse H,—>H,
3rd pulse H  — Hz %Hy
4th pulse
H ,—H,
In the composite pulse, during each pulse H =H ,+ H =0\, + ©I,
The propagator for the composite pulse is then:
U < @501 )tei(w11y+wcslz)3tei(a)11x+wcslz )i )
1%t pulse: the chemical shift Hamiltonian in the interaction frame of the rf pulse is:
~ o ] i )
Hesp =" (o4l ) e = o, (IZ cost —1Isin a)lt) 4)
The average chemical shift Hamiltonian is:
=0) @, (=120 . [0)
Hcs)= CSJ 1clt'(lzcosa)lt‘—lysma)lt'): wci(lz—l},) 5)
1
Note: for simplicity, I have made a sign switch for m,, treating it as the absolute value |(01 , so that the

prediction from the right-hand rotation for interaction-frame transformation can be directly written into
the equation, at the same time this allows (and requires) us to write the equality that |a)1t| =7r/2.

Otherwise, we have to acknowledge that @ =—7/2 , and deal with the very cumbersome algebraic
juggernaut of:
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1t . ' 1 t 1 1 o
;J0+1ysma)1tdt =—w—lt1ycosa)1t‘0 =_—Iy(0_l)=ﬁly ! Which is the same result as when

wqt -7
we treat the frequency in terms of its absolute value (see part of Eq. 5).

27 pulse:

Hesa = p'p! (a)IIZ)P2 P = e/ The ™l (a)cslz) iy sl
i i (6)
= wcselﬂ" (IZ cos3w;t+ 1, sin 3a)1t)e_’7[X =, (—Iy cos3w;t+1,sin 3a)1t)
So Py 'H s> rotation creates a time-dependent oscillation, while the outer Pl_l (Pz_ 'H ) )Pl
rotation has a fixed phase of 90°.
The average Hamiltonian for the second pulse is:
Tons = Lo [T (1, cos 3@+ 1, sin30yt)dt' = <29 (<1, (1)~ 1, (~1)) = (1 +1,) ()
273 ey y PR T LA 3o Y x 30t
3rd pulse:
~ 3r . 3z 4
Hess=P'P' Pyt ((x)CSIZ)P3P2P1 = /2T gl (wcslz) sl g7 i3l
L _idnyp iz
o, e ?h (IZ cosot—1, sina)lt)e PR (8)

(] . —iZ .
=@, e -‘(—Ixcoswlt—lysma)lt)e =@, (-1, coswt— I sinw,t)

Hess =2 [T

! 1 ! ! a)CS wCS
—I,coswt'-I_sinoyt')dt' = o (-1, ()+1.(-1))= w—lt(_l*' -L) )

The average CS Hamiltonian of 90°,270°,90°, is therefore:

e e e

AR _
- wt(] ) t+3w1t(1y+l ): 3t+w1( I,—1.) } (10)
I o

=§w—f[(lz—ly)+(ly+lx)+(—lx—Iz)]=0

Finally, we consider the density operator evolution under this average Hamiltonian:
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~ ~1

pl)=U(1):p(0)-U (1) =1 U (1)-p(0)- U (1)

Uy(1) Ul (1)
=(0)

_ Urf(t)e—iHcst -p(O)-eiﬁCStU,f(l‘) = PP, P, -p(O)‘P1P2P3 (11)
1

i _j3n; _;m i ;37 i
=e_l21"e 21),6 lzlx-p(())-elzlxel21"elzlx

When p(0)=1,, the successive rotation by the three pulses produces (Left Hand) p(0)=1
Iy =1, = p(t)=-I

7

Z-
But if the initial density operator is in the transverse plane, e.g. p(0)=I,, then no inversion is
achieved: p(0)=1, -1, —>-I, > p(t)= —1,.

So this broadband inversion composite pulse works only for z-magnetization, e.g. in REDOR
sequences, but not for transverse magnetization.

Alternatively, we can also use the toggling frame to analyze the composite pulse. Key: the ending
coordinate-system orientation of the preceding pulse is the starting orientation of the next pulse.

90, 270, 90,

X y X

V4

Left hand , %yz y
=4 -
y X z

(1M (2) ©)

X

The axis of the toggling-frame Hamiltonian along the rotating-frame z-axis indicates the sine
component of the oscillation (after the pulse flip angle), while the initial operator direction from the
last step of the transformation gives the cosine component:

1t pulse: start with z, end with —y after 90° rotation:
. /2 — 0]
Hipe1 =0 (IZ coswir—1, sma)lt) fort=0to = L , Hiog) = —I(
(O] wqt

2" pulse: start with -y, end with —x after 270° rotation:

. /2 — ()
Hypg2 =07 (~1, cos 3oyt + I sin 3oyt ) fort=01to 1= 72 Hioga=~—(1,+1,)
()] 3a)1t
3w pulse: start with -x, end with —z after 90° rotation:
. /2 - ()
Hpo3=0y (—Ix coswit—1, sm(olt) fort=0to t= wi , Hiog 3= a)_lt(_lx - Iz)
1 1
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Average Hamiltonian:

—(0 l (- —= = 0]
Hgo(gzg =§ Hiog1-t+Hiog2 -3t + H g3 ‘t)= —L

Swlt(lz—Iy+Iy+Ix—Ix—IZ)=0
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